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Dark matter and dark energy induced by condensates
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It is shown that the vacuum condensate induced by many phenomena behaves as a perfect fluid
which, under particular conditions, has zero or negative pressure. In particular, the condensates of
thermal states, of fields in curved space and of mixed particles have been analyzed. It is shown that
the thermal states with the cosmic microwave radiation temperature, the Unruh and the Hawking
radiations give negligible contributions to the critical energy density of the universe, while the
thermal vacuum of the intercluster medium could contribute to the dark matter, together with the
vacuum energy of fields in curved space-time and of mixed neutrinos. Moreover, a component of
the dark energy can be represented by the vacuum of axion-like particles mixed with photons and
superpartners of neutrinos. The formal analogy among the systems characterized by the condensates
can open new scenarios in the possibility to detect the dark components of the universe in table top
experiments.
PACS numbers:
I. INTRODUCTION
Many independent experimental data [1]-[5], support
the hypothesis according to which the today observed
universe has an accelerating expansion due to an un-
known form of energy, called dark energy, which has a
negative pressure. The dark energy represents approx-
imately 68% of the total matter–energy density of the
universe and it is distributed isotropically throughout
the universe. Moreover, astronomical observations rel-
ative to the speed of rotating galaxies indicate that an
unknown form of matter, not interacting electromagneti-
cally, is need in order to permits the stability of the galax-
ies and of cluster of galaxies. The dark matter makes
up about 27% of the universe. Different models have
been proposed to solve the dark energy [6]- [25] and dark
matter puzzles [26]- [32], however, the explanation of the
dark components of the universe represents still a very
big challenge.
Apparently separate research lines regard the study of
physical systems characterized by vacuum condensates
[33]-[50], such as for example the Hawking or the Casimir
effect [39, 40]. Such phenomena have a non-zero vacuum
energy which cannot be removed by use of the normal
ordering procedure. This fact, in a supersymmetric con-
text, induces the spontaneous breaking of supersymme-
try [51]-[55].
In the present paper it is shown that these interesting
issues are intimately bound together in such way that
the vacuum condensate energy can provide contributions
to the dark energy and to the dark matter. It is shown
that all the condensates have state equations depending
on the particular regime one considers (high momentum
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(UV) and low momentum (IR) regime). The particular
cases of the vacuum energy induced by thermal states, by
curved spaces and by the mixing of particles are analyzed
in detail.
One shows that the thermal states, the Hawking and
the Unruh radiations do not contribute significatively to
the energy of the universe. Only the vacuum energy in-
duced by the Hawking effect of hypothetical primordial
black holes and the thermal vacuum of the intracluster
medium (ICM), i.e. the vacuum of hot plasma present
at the center of a galaxy cluster, can represent a dark
matter component. The vacuum of fields in curved space
has a similar behavior [57].
A further discussion deserves the particle mixing phe-
nomena, i.e. the neutrino and quark mixing in the
fermion sector, and the axion photon mixing and the me-
son mixing in the boson sector. For such systems, start-
ing from the results of our previous works [44, 45, 49],
and from the ones presented in Refs.[55, 59], obtained in
a supersymmetric context, one shows that the flavor neu-
trino vacuum can give a contribution to the dark matter
with a value compatible with its estimated upper bound,
while, the quark condensate, because of the quark con-
finement inside the hadrons should not interact gravi-
tationally. Moreover, one shows that the condensate of
mixed boson [42, 43], as axions and axion like particles
(ALPs) in their interaction with photons, and of super-
partners of mixed neutrinos, can contribute to the dark
energy with the state equation of the cosmological con-
stant. It is expected that mixed particles like kaons, B0,
D0 mesons and η − η′ system do not contribute to the
energy on large scale, since they are unstable and not
elementary particles.
We point out that, the common origin of the non triv-
ial vacuum energy contributions of the systems above
described resides in the fact that the physical vacuum
of these systems is a condensate of couples of particles
2and antiparticles which lift the zero point energy to a
positive value. The formal analogy (Bogoliubov trans-
formations) among the disparate phenomena generating
condensates could allow to simulate the systems here an-
alyzed by means of phenomena as the superconductivity,
the Casimir effect and the Schwinger effect, which are
reproducible in table top experiments.
In the computations a particular care has been placed
to the renormalization procedure since different schemes
may provide different renormalized expressions. The
choice of the scheme to adopt is imposed by the need
to preserve the symmetries of the system considered.
For example, to preserve the Lorentz invariance of the
Minkowski space time, the dimensional regularization has
been used in ref.[56]. In this way, one has pvacuum =
−ρvacuum, which is the cosmological constant equation.
On the contrary, in the case of curved spaces, as the
Friedmann-Robertson-Walker background, the Lorentz
invariance is no more a symmetry of the metric and a cut-
off regularization can be utilized. In Ref.[57] a comoving
cut-off on the momenta has been proposed. Notice that
the cut-off regularization represents a valid choice also
for the other vacuum condensates since the Lorentz in-
variance is not a symmetry of such systems. Motivated
by such facts, in the following the cut-off regularization
will be used for all the phenomena considered, apart from
the thermal vacuum for which the regularization is not
needed.
The paper is structured as follows, in Sec.II, the Bo-
goliubov transformations in QFT are introduced and
the condensate structure of the transformed vacuum is
shown. In Sec.III, it is presented the general form of the
energy density and pressure of vacuum condensates for
boson and fermion fields. In Sec.IV it is analyzed the con-
tribution given to the energy of the universe by thermal
states, with reference to the Hawking and Unruh effects.
In Sec.V the fields in curved space are considered, and in
Sec.VI the contributions to the dark energy and to the
dark matter given by the particle mixing phenomena are
presented. Sec.VII is devoted to the conclusions.
II. BOGOLIUBOV TRANSFORMATION AND
VACUUM CONDENSATE
The Bogoliubov transformations in the QFT context
[62] describe disparate phenomena such as the Hawking-
Unruh effect [33, 34], the Schwinger effect [35], the BCS
theory of superconductivity [36], the Thermo Field Dy-
namics [38], the particle mixing phenomena [41]-[46], the
QFT in curved spacetimes [50] and so on. For bosons
and fermions they are given by
a˜k(ξ, t) = U
B
k ak(t)− V B−k a†−k(t) ,
a˜†−k(ξ, t) = U
B∗
−k a
†
−k(t)− V B∗k ak(t) , (1)
and
α˜rk(ξ, t) = U
F
k α
r
k(t) + V
F
−k α
r†
−k(t) ,
α˜r†−k(ξ, t) = U
F∗
−k α
r†
−k(t) + V
F∗
k
αr
k
(t) , (2)
with ak(t) = ake
−iωkt, αr
k
(t) = αr
k
e−iωkt, annihilators
for bosons and fermion fields, respectively, such that
ak|0〉B = αrk|0〉F = 0 and ωk =
√
k2 +m2. The
coefficients satisfy the conditions UB
k
= UB−k, V
B
k
=
V B−k, |UBk |2 − |V Bk |2 = 1 , for bosons, and Uψk = UF−k,
V F
k
= −V F−k, |UFk |2 + |V Fk |2 = 1 , for fermions. Thus,
they have the general form: UB
k
= eiγ1k cosh ηk(ζ),
V B
k
= eiγ2k sinh ηk(ζ), U
F
k
= eiφ1k cos ξk(ζ), V
F
k
=
eiφ2k sin ξk(ζ), respectively. The parameter ζ controls the
physics underlying the transformation. For example, ζ is
related to the temperature T in the Thermo Field Dy-
namics case, or to the acceleration of the observer in the
Unruh effect case. The phases φik, γik, with i = 1, 2, are
irrelevant in our discussions.
The transformations (1) and (2) can be written at any
time t in terms of the generator Jλ(ξ, t) as:
χrk(ξ, t) = J
−1
λ (ξ, t)χ
r
k(t)Jλ(ξ, t) , (3)
with χ = a, α and λ = B,F . Similar relations hold for
the creation operators. The generators have the property
J−1λ (ξ) = Jλ(−ξ). The vacua |0(ξ, t)〉λ annihilated by
the new annihilators are related to the original ones |0〉λ
by the formal relations |0(ξ, t)〉λ = J−1λ (ξ, t)|0〉λ, with
λ = F,B.
This is a unitary operation if k assumes a discrete
range of values, which happens in quantum mechanics
in which there is a finite or countable number of canon-
ical (anti-) commutation relations CCRs. In this case,
the Fock spaces built on the two vacua are equivalent
and any vector in one space can be expressed in terms of
a well defined sum of vectors in the other space. But in
QFT, k assumes a continuous infinity of values, then one
has, for bosons,
|0(ξ, t)〉B = exp
[
−δ(0)
∫
d3k log cosh ξk
]
× exp
[∫
d3k tanh ξk(a
†
k
)2
]
|0〉B , (4)
which is not a unitary transformation any more [61]. This
shows that the vacuum |0(ξ, t)〉B cannot be expressed as
a superposition of vectors in the Fock space built over
|0〉B. The same is true for the whole Fock space built
over |0(ξ, t)〉B , i.e. the two Fock spaces are unitarily in-
equivalent [61]. Similar discussion holds for fermions.
In general, the existence in QFT of infinitely many
representations which are unitarily inequivalent to each
other, leads to the problem of the right choice of the Fock
space and of the physical vacua associated with the par-
ticles which appear in observations. For the mentioned
3systems [33]–[50], ruled by Bogoliubov transformations,
the physical vacua to be used in the computations are
the |0(ξ, t)〉λ ones [61].
Notice that, |0(ξ, t)〉λ is a condensate of couples of par-
ticles and antiparticles. Indeed one has
λ〈0(ξ, t)|χ†kχk|0(ξ, t)〉λ = |V λk |2; (5)
where χ = a, α, λ = B,F and Eqs.(1)–(2) have been
used. Such a condensate structure leads to an energy
momentum tensor different from zero for |0(ξ, t)〉λ.
III. ENERGY-MOMENTUM TENSOR OF
VACUUM CONDENSATE
One considers the free energy momentum tensor
densities T µν(x) for real scalar fields φ , T µνB (x) =
∂µφ(x)∂
µφ(x)− 12gµν(∂ρφ(x)∂ρφ(x)−m2φ(x)2) , and for
Majorana fields ψ, T µνF (x) =
i
2 ψ¯(x)γµ
←→
∂ µψ(x) . One
computes the expectation value of T λµν(x), (λ = B,F )
on the transformed vacuum |0(ξ, t)〉λ,
Ξλµν(x) ≡ λ〈0(ξ, t)| : T λµν(x) : |0(ξ, t)〉λ (6)
= λ〈0(ξ, t)|Tαµν(x)|0(ξ, t)〉λ −λ 〈0|T λµν(x)|0〉λ .
The simbol, : ... :, denotes the normal ordering with re-
spect to the original vacuum |0〉λ. Notice that the off-
diagonal components of the expectation value of T λµν(x)
in Eq.(23) are zero, 〈0(ξ, t)| : T λi,j(x) : |0(ξ, t)〉 = 0, for
i 6= j, being different from zero only the diagonal com-
ponents. This implies that the condensates induced by
Bogoliubov transformations behave as a perfect fluid and
the energy density and pressure of boson and fermion
condensates can be defined as
ρλ = 〈0(ξ, t)| : T λ00(x) : |0(ξ, t)〉 , (7)
pλ = 〈0(ξ, t)| : T λjj(x) : |0(ξ, t)〉 , (8)
respectively.
In the boson case, one has
ρB =
1
2
〈0(ξ, t)| :
[
π2(x) +
(
~∇φ(x)
)2
+m2φ2(x)
]
: |0(ξ, t)〉 ; (9)
pB = 〈0(ξ, t)| :
(
[∂jφ(x)]
2
+
1
2
[
π2(x) −
(
~∇φ(x)
)2
−m2φ2(x)
])
: |0(ξ, t)〉 . (10)
In the particular case of the isotropy of the momenta,
k1 = k2 = k3, one has, [∂jφ(x)]
2 = 13
[
~∇φ(x)
]2
, then the
pressure can be written as
pB =
1
2
〈0(ξ, t)| :
[
π2(x)− 1
3
(
~∇φ(x)
)2
−m2φ2(x)
]
: |0(ξ, t)〉 .
In general, the vacuum condensates |0(ξ, t)〉λ are space
or time dependent, therefore they violate the Lorentz in-
variance. This fact implies that the kinetic and gradient
terms of Eq.(11) can be different from zero. Namely,
〈0(ξ, t)| : π2(x) : |0(ξ, t)〉 6= 0 and 〈0(ξ, t)| :
[
~∇φ(x)
]2
:
|0(ξ, t)〉 6= 0. Therefore, from Eqs.(9) and (11), one can
have the following state equations: wB = pB/ρB = 1, if
the kinetic term dominates; wB = −1/3, if the gradient
term dominates, and wB = −1, (cosmological constant
state equation) for dominating mass term. Moreover, the
radiation state equation, wB = 1/3 can be achieved if the
kinetic and gradient terms are of the same order, and the
mass term is negligible. Such a result is achieved in the
high momenta regime, k → ∞. Finally, the state equa-
tion of the dark matter, wB = 0, is obtained for negligible
gradient term and for kinetic and mass terms of the same
order. This situation happens in the low momenta regime
k → 0.
If all the terms (kinetic, gradient and mass ones) are
taken into account, the energy density and pressure are
4given by
ρB =
∫
d3k
(2π)3
ωk 〈0(ξ, t)|a†k ak |0(ξ, t)〉 ; (11)
pB =
∫
d3k
(2π)3
[1
3
k2
ωk
〈0(ξ, t)|a†
k
ak |0(ξ, t)〉
−
(
1
3
k2
ωk
+
1
2
m2
ωk
)
〈0(ξ, t)|
(
ak a−ke
−iωkt
+ a†
k
a†−ke
iωkt
)
|0(ξ, t)〉
]
, (12)
which, explicitly become
ρB =
1
2π2
∫ ∞
0
dkk2ωk|V Bk |2 , (13)
pB =
1
6π2
∫ ∞
0
dkk2
[ k2
ωk
|V Bk |2
−
(
k2
ωk
+
3m2
2ωk
)
|UBk ||V Bk | cos(ωkt)
]
. (14)
The state equation is then
wB =
1
3
∫
d3 k k
2
ωk
|V Bk |2∫
d3kωk|V Bk |2
− 1
3
∫
d3k
(
k2
ωk
+ 3m
2
2ωk
)
UBk V
B
k cos(ωkt)∫
d3kωk|V Bk |2
. (15)
In the fermion case, the energy density and the pres-
sure are
ρF =
1
2
〈0(ξ, t)| :
[
− iψ¯ γj∂j ψ +mψ¯ψ
]
: |0(ξ, t)〉 ;
(16)
pF = 〈0(ξ, t)| :
( i
2
ψ¯ γj
←→
∂j ψ
)
: |0(ξ, t)〉 . (17)
In Eq.(16), one used the relation i2 ψ¯ γ0
←→
∂0ψ = iψ¯ γ0∂0ψ =
−iψ¯ γj∂j ψ+mψ¯ψ. By considering the following form of
the energy momentum tensor density
: T µνF : = :
[
i
2
ψ¯γµ
←→
∂ νψ − ηµν
(
i
2
ψ¯γj
←→
∂ jψ −mψ¯ψ
)]
:
one can obtain for fermion vacuum condensates the
same state equations achieved for boson condensates (see
above). When all the terms are considered (kinematic,
gradient and mass ones), from Eqs.(16) and (17), one has
ρF =
∑
r
∫
d3k
(2π)3
(
k2
ωk
+
m2
ωk
)
〈0(ξ, t)|αr†k αrk|0(ξ, t)〉 ;
(18)
pF =
1
3
∑
r
d3k
(2π)3
k2
ωk
〈0(ξ, t)|αr†k αrk|0(ξ, t)〉 , (19)
where αrk is the annihilator of fermion field, with r = 1, 2.
The explicit expressions of the energy density and pres-
sure are
ρF =
1
π2
∫ ∞
0
dkk2ωk|V Fk |2 , (20)
pF =
1
3π2
∫ ∞
0
dk
k4
ωk
|V Fk |2 . (21)
The state equation is then
wF =
1
3
∫
d3 k k
2
ωk
|V Fk |2∫
d3kωk|V Fk |2
. (22)
The origin of the non-zero ρλ and pλ is due to the
fermionic and bosonic condensates structure of the phys-
ical vacuum which lift the vacuum energy and pressure
by positive amounts. Notice also that, being J−1(ξ, t) =
J†(ξ, t) = J(−ξ, t), one can write
λ〈0(ξ, t)| : T λµν(x) : |0(ξ, t)〉λ =
=λ 〈0|J−1λ (−ξ, t) : T λµν(x) : Jλ(−ξ, t)|0〉λ . (23)
Such a property will be used in the following and
the notation Θ(−ξ, x) = J−1(−ξ, t)Θ(x)J(−ξ, t) will be
adopted to denote the operators transformed by the gen-
erator J(−ξ, t).
Systems such as the thermal states and the particle
mixing phenomenon, have the generators J ′s which sat-
isfy the condition, ~∇J(ξ, t) = 0. Then, the energy density
and pressure for bosons and fermions become,
ρB =
1
2
〈0| :
[
π2(−ξ, x) +
[
~∇φ(−ξ, x)
]2
+m2φ2(−ξ, x)
]
: |0〉 ; (24)
pB = 〈0| :
(
[∂jφ(−ξ, x)]2 + 1
2
[
π2(−ξ, x)−
[
~∇φ(−ξ, x)
]2
−m2φ2(−ξ, x)
])
: |0〉 , (25)
ρF = −i〈0| :
[
ψ†(−ξ, x)γ0γi∂iψ(−ξ, x)
+mψ†(−ξ, x)γ0ψ(−ξ, x)
]
: |0〉 , (26)
pF = i〈0| :
[
ψ†(−ξ, x)γ0γj∂jψ(−ξ, x)
]
: |0〉 , (27)
respectively. Eqs.(24)-(27) will be used to describe the
5vacuum contributions of the mixed particles. Notice that
Eqs.(24), (25) and (26), (27) do not coincide with the
more general Eqs.(9), (10) and (16), (17), respectively,
since, as a rule, the operator ∇ and the generators J ′s
do not commute.
Eqs.(9), (10) and (16), (17), hold for disparate phys-
ical phenomena. The explicit form of the Bogoliubov
coefficients Uλ
k
and V λ
k
, λ = B,F , specifies the particu-
lar system. In the following only few phenomena will be
considered in detail. However, the formal analogy among
the systems characterized by the condensates, i.e. the
Bogoliubov transformations, permits to extend the dis-
cussions contained in the next sections also to different
phenomena, some of which reproducible in laboratory.
IV. THERMAL STATES, HAWKING AND
UNRUH EFFECTS
We consider the formal framework of the Thermo
Field Dynamics (TFD) [60]–[62], which has been suc-
cessful applied to a number of physical problems at non-
zero temperature, in condensed matter physics, in nu-
clear physics, in particle physics and cosmology. In the
case of systems at non-zero temperature, the physical
vacuum is the thermal vacuum state |0(ξ(β))〉λ, with
λ = B,F , β ≡ 1/(kBT ) and kB the Boltzmann constant
[60]–[62]. The state |0(ξ(β))〉λ is defines in such a way
that the thermal statistical average Nχk(ξ) is given by
Nχk(ξ) =λ 〈0(ξ(β))|Nχk |0(ξ(β))〉λ, with Nχk = χ†kχk,
(χ = a, α) the number operator [60, 61]. In the boson
case, |0(ξ(β))〉B is expressed as
|0(ξ(β))〉B =
∏
k
1
cosh ξk
exp
(
tanh ξk a
†
k
b†
k
)
|0〉B , (28)
where |0〉B is the vacuum annihilated by ak and bk. The
auxiliary boson operator bk commutes with ak and is
introduced in order to produce the trace operation in
computing thermal averages. Similar discussions hold
for fermions.
The thermal vacuum |0(ξ(β))〉λ is normalized to
one, and in the infinite volume limit one has
λ〈0(ξ(β))|0〉λ → 0 as V →∞, ∀ β . Moreover, for
β′ 6= β, one has λ〈0(ξ(β))|0(ξ(β′))〉λ → 0 as V →∞.
Therefore, {|0(ξ(β))〉λ} provides a representation of the
CCR defined at each β and unitarily inequivalent ∀ β′ 6=
β to any other representation {|0(β′)〉λ} in the infinite
volume limit [60]–[62].
The annhilation operators of |0(ξ(β))〉λ (the tilde oper-
ators) are obtained by means of a Bogoliubov transforma-
tions similar to Eqs.(1) and (2), with a−k and a˜−k(ξ, t)
replaced for bosons by bk and b˜k(ξ(β)), respectively, and
α−k and α˜−k(ξ, t) replaced for fermions by the auxil-
iary operators βk and β˜k(ξ(β)), respectively. The Bo-
goliubov coefficients are given by UT
k
=
√
eβωk
eβωk±1
and
V T
k
=
√
1
eβωk±1
, with − for bosons and + for fermions,
β = 1/kBT and ωk =
√
k2 +m2 [60]–[62]. Such coef-
ficients, used in Eqs.(13), (14) and (20), (21) give the
contributions of the thermal vacuum states to the en-
ergy and pressure. If one considers the cosmic microwave
background temperature, i.e. T = 2.72K, one has that
the non-relativistic particles give negligible contribution
to the vacuum energy. Only photons and particles with
masses of order of (10−3 − 10−4)eV can contribute sig-
nificatively to the energy radiation [58]. Indeed in such
cases one obtains energy densities of order of 10−51GeV 4
and state equations, w = 1/3 [58].
The thermal states can describe also the Unruh and of
the Hawking effects. The temperature is T = ~a2pickb for
Unruh effect, with a acceleration of the observer, and
T = ~c
3
8piGMkb
, for Hawking effect, with M black hole
mass and G gravitational constant. Both of the phe-
nomena do not contribute to the energy of the universe
since their temperature is very low. For example, a black
hole of one solar mass has a temperature of only 60nK
and the thermal vacuum energy of any particle is negli-
gible. Only primordial black holes with very small mass
could have temperatures higher than the one of the cos-
mic microwave background and then give a contribution
to the energy of the universe.
A non-trivial contribute can be given by the thermal
vacuum of the intracluster medium. Such a hot plasma
filling the center of galaxy clusters has temperatures of
order of (10 ÷ 100) × 106K. For example, the thermal
vacuum of free electrons with temperature of 80× 106K
has an energy of 10−47GeV 4 and a state equation w =
0.01. Such values are in agreement with the ones on the
dark matter.
V. FIELDS IN CURVED BACKGROUND
Another example of condensed vacuum system is rep-
resented by fields in curved spaces. In these cases, the
energy momentum tensor for spin 0 and 1/2 are given by
[50]
T s=0µν (x) = (1 − 2ξ)φ;µφ;ν + (2ξ −
1
2
)gµνg
ρσφ;ρφ;σ
− 2ξφ;µνφ+ 2
n
ξgµνφ✷φ
− ξ
[
Rµν − 1
2
Rgµν +
2(n− 1)
n
ξRgµν
]
φ2
+ 2
[
1
4
−
(
1− 1
n
)
ξ
]
m2gµνφ
2 , (29)
T
s= 1
2
µν (x) =
i
2
[
ψ¯γ(µ∇ν)ψ −
(∇(µψ¯) γν)ψ] , (30)
respectively, and the energy density and pressure depend
on the particular metric considered. Let us consider the
6spatially flat Friedmann Robertson-Walker metric
ds2 = dt2 − a2(t)dx2 = a2(η)(dη2 − dx2) , (31)
where a is the scale factor, t is the comoving time, η
is the conformal time, η(t) =
∫ t
t0
dt
a(t) , with t0 arbitrary
constant. The boson field φ(x, η) can be expressed as
φ(x, η) =
∫
d3k
[
akφk(η) + a
†
−kφ
∗
−k(η)
]
eikx , (32)
where the mode functions φk(η) have analytical expres-
sion only in particular cases. However, in any case, the
energy density and pressure, after the introduction of a
cut-off on the momenta, can be written as [63, 64]
ρcurv =
2π
a2
∫ K
0
dkk2
(|φ′k|2 + k2|φk|2 +m2|φk|2) ,
(33)
pcurv =
2π
a2
∫ K
0
dkk2
(
|φ′k|2 −
k2
3
|φk|2 −m2|φk|2
)
.
(34)
In Ref.[57] it has been shown that at late time the cut-
off on the momenta can be assumed much smaller than
the comoving mass of the field, K ≪ ma. Moreover, as-
suming that m ≫ H , in an arbitrary Robertson-Walker
metric for infrared regime, one obtains [57]
ρcurv =
1
8π2
∫ K
0
dkk2
(
2m
a3
+
9H2
4ma3
+
k2
ma5
)
,
(35)
pcurv =
1
8π2
∫ K
0
dkk2
(
9H2
4ma3
− k
2
3ma5
)
.
(36)
Therefore, state equation is wcurv ≃ 0, i.e. the energy
of the vacuum of a scalar field in curved space behaves
as a dark matter component in the infrared regime. The
energy density is [57]
ρcurv =
mK3
12π2a3
. (37)
The value of ρcurv depends on the values of the mass
field m, on the scale factor a and on the cutoff on the
momenta K. Thus, numerical values compatible with
the ones of dark matter can be found only for the values
of the parameters such that, mK
3
a3
∼ 10−45GeV 4.
We expect a similar result for fermion fields in curved
spaces. Further study on such topics represents a work
in progress.
VI. PARTICLE MIXING
The field mixing phenomenon is represented by the
mixing of neutrinos and quarks in fermion sector and by
the axion-photon mixing and the mixing of kaons, B0,
D0, and η − η′ systems, in boson sector. For two fields,
it is expressed, both for fermions and bosons, as
ϕ1(θ, x) = ϕ1(x) cos(θ) + ϕ2(x) sin(θ) ,
ϕ2(θ, x) = −ϕ1(x) sin(θ) + ϕ2(x) cos(θ) , (38)
where, θ is the mixing angle, ϕi(θ, x) are the mixed fields
and ϕi(x) are the free fields, with i = 1, 2. In the case
of neutrino mixing, the mixed fields are the flavor neu-
trino fields, ϕ1(θ, x) ≡ νe, ϕ2(θ, x) ≡ νµ and the free
fields are the neutrinos with definite masses m1 and m2,
ϕ1(x) ≡ ν1 and ϕ2(x) ≡ ν2. The two flavor neutrino
mixing case has been considered. In the boson sector, for
axion–photon mixing in the presence of a magnetic field
one has, ϕ1(θ, x) ≡ γ‖(z), ϕ2(θ, x) ≡ a(z), (with γ‖(z)
photon polarization field parallel to the purely trans-
verse magnetic field B = BT and a axion field). The
free fields are ϕ1(x) ≡ γ′‖(z) and ϕ2(x) ≡ a′(z), with
γ′‖(z) = γ
′
‖(0)e
−iωγz, a′(z) = a′(0)e−iωaz and
ωγ = ω +∆− , ωa = ω +∆+ ,
∆± = −ω
2
P +m
2
a
4ω
± 1
4ω
√
(ω2P −m2a)2 + (2gωBT )2 .
The mixing angle is θa =
1
2 arctan
(
2gωBT
m2a − ω2P
)
, where
g ∈ [10−16 − 10−10]GeV −1 is the axion-photon coupling,
ma ∈ [10−6 − 10−2]eV is the axion mass and ωP is the
plasma frequency. Moreover, for instable mesons, the
mixed fields are K0 and K¯0, B0 and B¯0, or D0 and
D¯0. The corresponding free fields are KL and KS, BL
and BH , and DL and DH , respectively and cos(θ) =
1
2p
√
1− z, sin(θ) = 12p
√
1 + z, with q
p
=
√
H21
H12
, (Hij
are the elements of the effective Hamiltonian H of mixed
meson systems) and z parameter describing the CPT
violation.
The mixing transformations (38) can be written as
ϕi(θ, x) ≡ J−1(θ, t)ϕi(x)J(θ, t), where i = 1, 2, and
J(θ, t) is the transformation generator [41, 42]. Analo-
gously, the mixed annihilation operators are χr
k,i(θ, t) ≡
J−1(θ, t) χr
k,i(t) J(θ, t), with χ
r
k,i = ak,i, α
r
k,i, for bosons
and fermion, respectively and i = 1, 2. They annihi-
late the mixed vacuum |0(θ, t)〉 ≡ J−1(θ, t) |0〉1,2, where
|0〉1,2 is the vacuum annihilated by χrk,i.
The physical vacuum where particle oscillations ap-
pears is |0(θ, t)〉. It is a (coherent) condensate of χk,i
particles (antiparticles) [41, 42]:
〈0(θ, t)|χr†
k,iχ
r
k,i|0(θ, t)〉 = sin2 θ |Υλk|2, (39)
where λ = B,F , i = 1, 2 and the reference frame
k = (0, 0, |k|) has been adopted for convenience. Υλ
k
7is the Bogoliubov coefficient entering the mixing trans-
formation. For boson and fermion one has [41, 42]
|ΥB
k
| = 1
2
(√
Ωk,1
Ωk,2
−
√
Ωk,2
Ωk,1
)
, (40)
|ΥFk | =
(Ωk,1 +m1)− (Ωk,2 +m2)
2
√
Ωk,1Ωk,2(Ωk,1 +m1)(Ωk,2 +m2)
|k| ,(41)
respectively, with |ΣB
k
|2−|ΥB
k
|2 = 1 and |ΣF
k
|2+ |ΥF
k
|2 =
1, (Σλ
k
are the other coefficients entering in the transfor-
mations), Ωk,i energies of the free fields, for example,
Ωk,i = ωγ , ωa for axions-photon mixing, Ωk,i = ωk,i for
neutrinos, i = 1, 2. .
Boson mixing
For mixed bosons, Eqs.(24) and (25) become
ρBmix = 〈0(θ, t)| : TB−mix00 (x) : |0(θ, t)〉
=
1
2
〈0| :
∑
i
[
π2i (−θ, x) +
[
~∇φi(−θ, x)
]2
+m2iφ
2
i (−θ, x)
]
: |0〉 ; (42)
pBmix = 〈0(θ, t)| : TB−mixjj (x) : |0(θ, x)〉
= 〈0| :
∑
i
(
[∂jφi(−θ, x)]2 + 1
2
[
π2i (−θ, x) −
[
~∇φi(−θ, x)
]2
−m2iφ2i (−θ, x)
])
: |0〉 , (43)
respectively, where
π1(−θ, x) = π1(x) cos(θ)− π2(x) sin(θ) ,
π2(−θ, x) = π1(x) sin(θ) + π2(x) cos(θ) . (44)
From Eqs.(44), one can immediately see that,∑
i π
2
i (−θ, x) =
∑
i π
2
i (x),
∑
i[
~∇φi(−θ, x)]2 =∑
i[
~∇φi(x)]2, and
∑
i[∂jφi(−θ, x)]2 =
∑
i[∂jφi(x)]
2, i.e.
such operators are invariant under the action of the
generator J(−θ, t). This fact implies that the kinetic
and gradient terms of the mixed vacuum are equal to
zero
〈0| :
∑
i
π2i (−θ, x) : |0〉 = 〈0| :
∑
i
[
~∇φi(−θ, x)
]2
: |0〉
= 〈0| :
∑
i
[∂jφi(−θ, x)]2 : |0〉 = 0 . (45)
Then, Eqs.(42) and (43) become
ρBmix = 〈0| :
∑
i
m2iφ
2
i (−θ, x) : |0〉 , (46)
pBmix = −〈0| :
∑
i
m2iφ
2
i (−θ, x) : |0〉 , (47)
and the state equation is wBmix = −1, (which is the state
equation of the cosmological constant), independently on
the choice of the cut-of on the momenta. Similar result
has been obtained in supersymmetric context in Refs.
[55, 59]. Here one analyzes the possible phenomenological
implications of such result. Denoting with ∆m2 = |m22−
m21|, the energy density of the boson mixed vacuum is
explicitly given by
ρBmix =
∆m2 sin2 θ
8π2
∫ K
0
dkk2
(
1
ωk,1
− 1
ωk,2
)
, (48)
where K is the cut-off on the momenta. Eq.(48) will be
now solved for the mixing of axion-like particles and for
the flavor mixing of supersymmetric partners of neutri-
nos.
- Contribution of axion like particles - In the case of the
mixing between the photon and the axion-like particles,
denoting with m1 = mγ = 0, the photon mass and with
m2 = ma, the axion mass, one has
ρaxionmix =
m2a sin
2 θa
16π2
[
K
(
K −
√
K2 +m2a
)
+ m2a log
(
K +
√
K2 +m2a
ma
)]
. (49)
In astrophysical contexts, as in the case of active galactic
nuclei, quasars, supernova and magnetars, the magnetic
field strength vary between, B ∈ [106 − 1017]G. Also
the plasma frequencies and the photon energies ω vary
considerably. Therefore the mixing angles θa depends by
the particular system one consider.
Notice, however that for axion mass ma of order of
2× 10−2eV and sin2a θ ∼ 10−2 (which could be obtained
for different astrophysical objects), using the Planck
scale cut-off, K ∼ 1019GeV , one has ρaxionmix = 2.3 ×
10−47GeV 4, which is compatible with the estimated up-
per bound on the dark energy.
Smaller values of ma or of sin
2 θ ∼ 10−2, lead to
smaller values of ρaxionmix .
8- Contribution of neutrino superpartners - In the case
superpartners of the neutrinos, the integral (48) leads to
ρBmix =
∆m2 sin2 θ
16π2
[
K
(√
K2 +m21 −
√
K2 +m22
)
+ m22 log
(
K +
√
K2 +m22
m2
)
− m21 log
(
K +
√
K2 +m21
m1
)]
. (50)
One considers then, masses similar to the ones of the neu-
trinos, m1 = 10
−3eV andm2 = 9×10−3eV , in order that
∆m2 = 8×10−5eV 2. Moreover, one assumes sin2 θ = 0.3.
One obtains, ρBmix = 7× 10−47GeV 4 for a cut-off on the
momenta K = 10eV , and ρBmix = 6.9 × 10−46GeV 4 for
a cut-off of order of the Planck scale, 1019GeV . Smaller
values of the mixing angle lead to values which are com-
patible with the estimated value of the dark energy also
in the case in which the cut-off is K = 1019GeV , indeed
ρBmix depends linearly by sin
2 θ.
Fermion mixing
In the case of fermion mixing, Eqs. (26), (27) become
ρFmix = −〈0| :
∑
i
[
ψ†i (−θ, x)γ0γj∂jψi(−θ, x) +mψ†i (−θ, x)γ0ψi(−θ, x)
]
: |0〉 ; (51)
pFmix = i〈0| :
∑
i
[
ψ†i (−θ, x)γ0γj∂jψi(−θ, x)
]
: |0〉 , (52)
where ψi(−θ, x) are the flavor neutrino fields or the quark
fields. Being∑
i
ψ¯i(−θ, x)γj∂jψi(−θ, x) =
∑
i
ψ¯i(x)γ
j∂jψi(x)
∑
i
[
ψ†i (−θ, x)γ0γj∂jψi(−θ, x)
]
=
∑
i
[
ψ†i (x)γ0γj∂jψi(x)
]
,
then
〈0| :
∑
i
ψ¯i(−θ, x)γj∂jψi(−θ, x) : |0〉 =
〈0| :
∑
i
[
ψ†i (−θ, x)γ0γj∂jψi(−θ, x)
]
: |0〉 = 0 .(53)
Thus the energy density and pressures of Eqs.(51) and
(52), become
ρFmix = −〈0| :
∑
i
[
miψ
†
i (−θ, x)γ0ψi(−θ, x)
]
: |0〉,(54)
pFmix = 0 , (55)
respectively. The pressure of the fermion mixed vacuum
|0(θ, t)〉 is equal to zero independently on the regular-
ization adopted. Then the state equation in this case is
wFmix = 0, which is the one of the dark matter. Simi-
lar result has been obtained in supersymmetric context
in Refs. [55, 59]. Now one shows the consequences of
such a result. Solving Eq.(54), the energy density of the
fermion mixed vacuum is
ρFmix =
∆m sin2 θ
2π2
∫ K
0
dkk2
(
m2
ωk,2
− m1
ωk,1
)]
,
and explicitly, one has
ρFmix =
∆m sin2 θ
2π2
[
K
(
m2
√
K2 +m22 −m1
√
K2 +m21
)
− m32 log
(
K +
√
K2 +m22
m2
)
+ m31 log
(
K +
√
K2 +m21
m1
)]
. (56)
For masses of order of 10−3eV , such that ∆m2 is of
order of 8× 10−5eV 2 and a cut-off on the momenta K =
m1+m2, one obtains ρ
F
mix = 4×10−47GeV 4, which is in
agreement with the estimated upper bound of the dark
matter. A possible mechanism which imposes a very low
cut-off for neutrinos is given in Ref.[65]. Values of K of
order of the Plank scale leads to ρFmix ∼ ×10−46GeV 4.
We point out that we have considered an empty uni-
verse without matter and gravitational interaction. This
fact produces the homogeneity of the condensates. The
presence of matter interacting with the neutrino flavor
vacuum and with the vacuum condensates above pre-
sented could generate clustered matter and therefore the
irregularities which are observed in the universe.
By considering the quark masses, the value of ρFmix
one obtains is much higher than the ones above ob-
tained. However, the quark confinement inside the
hadrons should inhibit the gravitational interaction of
the quark vacuum condensate. Therefore such conden-
sate should play none role in the formation of structures
on large scale and it should not affect the dark matter
9component.
Moreover, the condensates induced by the mixed
bosons, which behaves as a cosmological constant, can
evolve remaining homogeneous also in the presence of
matter, since their pressure is negative.
VII. CONCLUSIONS
It has been shown that the vacuum condensates in-
duced by different phenomena can contribute to the dark
sector of the universe. The vacuum states of these sys-
tems are indeed condensates of couples of particles and
antiparticles which generate non-zero vacuum energies
and which, under particular conditions, behave as dark
matter or dark energy.
The contributions given by the thermal states, by the
fields in curved space and by the particle mixing phe-
nomenon have been analyzed. It has been shown that
the thermal states and the condensates due to Unruh
and Hawking effects do not contribute considerably to the
vacuum energy. Non-trivial contributes to the energy are
given by the thermal vacuum of the intercluster medium,
by the vacuum of fields in curved space-time and by the
flavor vacuum of neutrinos. Such vacuum condensates
have a negligible pressure, therefore their state equations
are similar to the dark matter one. Moreover the values
of the energies are compatible with the one estimated for
the dark matter.
On the other hand, the mixing between photons and
axion-like particles can reproduce the behavior and the
estimated value of the dark energy component.
The formal analogy existing among completely differ-
ent phenomena, characterized by vacuum condensates,
suggests to investigate the properties of the condensates
of the systems here studied, in phenomena like the super-
conductivity, the Casimir effect and the Schwinger effect,
which can be analyzed in table top experiments. There-
fore, the results presented in this paper can open a com-
pletely new way in the research of dark matter and in the
study of the dark energy.
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